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Abstract. The spectral distance for noncommutative Moyal planes is considered in the 
framework of a non compact spectral triple recently proposed as a possible noncommutative 
analog of non compact Riemannian spin manifold. An explicit formula for the distance 
between any two elements of a particular class of pure states can be determined. The 
corresponding result is discussed. The existence of some pure states at infinite distance 
signals that the topology of the spectral distance on the space of states is not the weak 
* topology. The case of the noncommutative torus is also considered and a formula for the 
spectral distance between some states is also obtained. 
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1 Introduction 

In noncommutative geometry (for reviews, see e.g. [H [2j [31 H]), the notion of spectral triple 
gives rise naturally to the notion of spectral distance [IJEJE]. This spectral distance is defined 
between two states <pi and ip2 °f the algebra A involved in the spectral triple^- Namely, one has 

d(tpi,V2) = sup{|(^i - ip2)(a)\ I ||[r>,7r(a)|| op < l}, 
aeA 

where D and it (a) are respectively the Dirac operator and the representation of a G A on the 
Hilbert space T~L that are other constituents of the spectral triple. When this latter encodes the 
usual commutative geometry of a finite dimensional compact connected Riemann spin manifold, 
the spectral distance between two pure states (i.e. points) coincides with the geodesic distance. 

The spectral distance between pure states can therefore be viewed as a natural noncommu- 
tative analog of the geodesic distance between points, while the actual interpretation of the 
spectral distance between two non pure states is not so clear at the present time. For a recent 
discussion on this point, see [7]. The properties of the spectral distance between two non-pure 
states have been examined closely by Rieffel in [8] where it is indicated that the determina- 
tion of the spectral distance between pure states is not sufficient to exhaust the full metric 
information involved in the expression for d(<pi,ip2) given above. The first works devoted to 
the explicit study of the spectral distance and its related properties, including some explicit 
determination of a distance formula focused on lattice geometries [9J [Tfjj [TTj . This motivated 

*This paper is a contribution to the Proceedings of the XVIIIth International Colloquium on Integrable Sys- 
tems and Quantum Symmetries (June 18-20, 2009, Prague, Czech Republic). The full collection is available at 
|http://www.emis.de/journals/SIGMA/ISQS2009.html| 

1 The algebra itself or its C*-completion. 
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further works inspired by theoretical physics and dealing with other simple noncommutative 
geometries |12^ [T5| [T^l [To] . These studies have definitely provided more insight on properties of 
spectral distances. However, they are related to a rather limited number of situations, namely 
almost commutative geometries, lattice geometries and finite-dimensional noncommutative al- 
gebras, for which the technical aspects ruling the actual construction of the distance formula 
can be suitably mastered. Unfortunately, even for slightly more sophisticated noncommutative 
spaces, technical difficulties become rapidly overwhelming. This feature a priori prevents any 
explicit determination of distance formula to be obtained unless some simplifying reformulation 
is found. This basically explains why other examples of spectral distance formulas obtained 
within noncommutative spaces different from those mentioned above are lacking so far. 

In Section [2] of this paper, the spectral distance for two-dimensional noncommutative Moyal 
plane is considered. The general mathematical properties of the Moyal spaces are well explained 
and detailed in e.g. [HU [TTl 0]. In [18], a non compact spectral triple has been proposed as 
a reasonable noncommutative generalization of non compact Riemannian spin manifold (see 
also [191 [20] ) . The corresponding relevant material is collected in Subsection 12.11 to make the 
paper self-contained. Within the framework of the above triple, an explicit formula for the 
spectral distance between any two elements of a particular class of pure states can actually 
be computed, thanks to the use of simple algebraic properties of the set of elements a £ A 
verifying ||[D, 7r(a)]|| op < 1. The corresponding analysis is given in Subsection 12.21 The analysis 
uses heavily the so called matrix base [161 [T7] which simplifies the expressions involving the 
associative (non local) Moyal product, thanks to the existence of a Frechet algebra isomorphism 
between the algebra of Schwartz functions of R 2 and the algebra of rapidly decreasing sequences 
(see Proposition [2] below). In Section [3] we discuss the results. The case of another non compact 
spectral triple proposed in [18] is briefly commented and expected to yields similar results. The 
spectral distance formula between any two elements of the particular class of pure states verifies 
a triangular equality. There exists a family of pure states that are at infinite distance from each 
other as well as at infinite distance from some classes of pure states, including those for which 
the spectral distance formula constructed in Subsection 12.21 is valid. Some related consequences 
are discussed. The existence of some pure states that are at infinite distance implies that the 
topology induced by the spectral distance on the space of states of the algebra involved in the 
triple is not the weak * topology, as discussed in [22]. It reflects the fact that the spectral 
triple proposed in |18] is not a compact quantum metric space in the sense of [21]. Recall 
that having weak * topology as topology for the spectral distance on the space of states is 
a condition to have compact quantum metric spaces as defined in |21| . Notice that a modified 
version of the considered non compact spectral triple that corresponds to a Rieffel compact 
quantum metric space has been proposed in |22J . Finally, we note that the technical lemma 
given in Subsection 12.21 can be actually adapted to the algebra of the noncommutative torus. 
This gives rise immediately to the explicit construction of a spectral distance formula for the 
noncommutative torus between the tracial state and some vector states. The conclusions are 
given in Section HI 



2 Spectral distance and Moyal non compact spin geometries 
2.1 General properties 

In this subsection, we collect the essential material that will be used in the sequel. The main 
properties of the Moyal machinery can be found in e.g. |16[ \T7\ U] to which we refer for more 
details. An extension of the Connes spectral triple to the non compact case to which we will 
refer heavily thorough this paper has been proposed in [18] , The corresponding action func- 
tional and spectral actions have been considered in [191 HQ] • Constructions of various derivation 
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based differential calculi on Moyal algebras have been carried out in [231 1231 ES] , together with 
applications to the construction of gauge-Higgs models on Moyal spaces. In this work, we will 
only consider the two-dimensional case. 

Let S(R 2 ) = S be the Frechet space of complex- valued Schwartz functions on R 2 and 5'(R 2 ) = 
S' its topological dual space. L 2 (R 2 ) denotes as usual the Hilbert space of square integrable 
functions on R 2 . || • H2 is the L 2 (]R 2 ) norm. 

Proposition 1 (see e.g. [IHJIIT]). The associative bilinear Moyal * -product is defined for any 
a,b G S by: 



(a*6)(x) = — ^tt / d 2 yd 2 za{x + y)b(x + z)e- i2y0 ~ lz , 

[Trey j 

yO^z^y^z", 8^ = Q jV 



with 9 G IR, 9 7^ 0. The complex conjugation is an involution for the -k-product and one has the 
faithful trace given by f d 2 x (a-kb)(x) = J d 2 x (b-ka)(x) = J d 2 xa(x)b(x) and the Leibniz rule 
d^(a -kb) = d^a -k b + a -k d^b, V a,b G S. A = (S, -k) is a non unital involutive Frechet algebra. 

A part of our analysis will use the matrix base whose relevant properties are summarized by 
the following proposition. 

Proposition 2 (see e.g. [16} 117]). We set X* n = X ★ X -k ■ ■ ■ ★ X where n factors are involved 
and define [f, g]+ = f -k g — g ★ / . The matrix base is the family of functions {/ mn } m ,neN C S C 
L 2 (M 2 ) defined by the Wigner eigenf unctions of the two-dimensional harmonic oscillator. Set 
z = -^(x\ — 1x2), z = + 2x2) and denote by (■,■) the inner product on L 2 (M. 2 ). 

i) One has the relations: 

f™ = (am+n l , , u/2 ^ m * /oo * z* n , /oo = 2e~ 2H l\ H=\(x 2 + x 2 ) , 



!n!)V2 



frnn*fpq — ^npfmqi fmn — fnmi \fmni fkl) — iP^^^mk^nl- i~) 

ii) There is a Frechet algebra isomorphism between A = and the matrix algebra of 

decreasing sequences (a mn ), \/m,n G N defined by a = ^2 mn a mn f mn , Va G S, such that the 
semi-norms p 2 k {a) = '}2 mn 9 2k {m + \) k {n + \) k \a mn \ 2 , VA: G N, for the topology of the latter 
algebra are finite. 

The -k product (pQ) can be extended to spaces larger than S, using duality and continuity of 
the ^-product on S. A convenient starting point that we recall for the sake of completeness is to 
introduce the family of spaces G s ,t, s,t G M, S C Q Sy t C S 1 densely and continuously, defined as 

Q st =la= ^2 a mnfmn G S' / ||a|| 2 t = ^# s+ '(m + \) S (n + i)*|(w| 2 < OO > , 

I m,n.eN rn,n ) 

with a mn = / d 2 xa(x) f nm (x) = f d 2 x(a-kf nm )(x) where the ^-product has been extended 
to 5' x 5 -> 5' by duality. Then, for any a G Q S) t and any b G Gq,r, b = ^2 mn b rnn f mn , with 
t + q > 0, the sequences c mn = Y^ P a mpbpn, Vm, n G N define the functions c = Ysm,n c mnfmn, 
c G G s ,r, as \ \a-k b\ \ Sjr < \\a\ \ s ,t\\b\\q,r, t + q>0 and ||o| \ UjV < \\a\\ S) t if u < s and v < t. For more 
details, see e.g. [16| [T7] . 
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Remark 1. Recall by the way that any radial function a is diagonal in the matrix base, which 
means that it can be expanded as a = X^meN a mfmm where the diagonal Schwartz functions of 
the matrix base can be explicitly written as f mm = (— l) m 2L m (^-) exp (— Vm G N, with 
r 2 = x\ + x\ (L m (x) is the Laguerre polynomial of order m) [To] H7]. 

Let T>i2 be the space of square integrable smooth functions a G L 2 (M?) n C°°(R 2 ) having all 
their derivatives in L 2 (]R 2 ). (T> L 2,-k) is a Frechet *-algebra for the norms q m (a) = max ||(9 a a||2, 

\a\<m 

m G N, for any a G [2B]. Let £> be the space of functions a G C°°(M 2 ) that are bounded 
together with all their derivatives [26] • Let A g = {a G S' / a * 6 G L 2 (M 2 ), V6 G L 2 (M 2 )}. We 
set from now on A = (5,*) and .Ai = (B,*). 

Proposition 3 ([17 1 [TB I 126]). The following properties hold: 

i) (Ag,*) is a unital C* -algebra with the operator norm \\ ■ || op , ||a|| p = sup {^WT^i 

0^66L 2 (M 2 ) 11 112 

for any a G Aq, isomorphic to C(L 2 (M?)) |18j . 

ii) Ai is a Frechet algebra for the semi-norms p m (a) = max ||<9 a a||oo, m G N. A\ is 

\a\<m 

a pre C* -algebra and one has the inclusion A C (T> L 2,*) C A\ C Ag (Calderdn-Vaillancourt 
theorems) . 



We consider a non compact spectral triple of the type proposed in [18] as a reasonable 
noncommutative generalization of non compact Riemannian spin manifold. The corresponding 
axioms are discussed in [18] to which we refer for more details. The building data of this non 
compact spectral triple are 

(A,Ai,n,D;J, X ), (3) 

in which the antiunitary operator J and involution x wu l n °t be relevant here. A\ D A is 
a preferred unitization of A in the sense of [TH] . The main properties of ([3]) that will be relevant 
for the computation of the spectral distance formula are collected below. 

The Hilbert space H is % = L 2 (]R 2 ) g)C 2 . It is the Hilbert space of integrable square sections 
of the trivial spinor bundle § = R 2 ® C 2 with Hilbert product (ip,(f>) = f d 2 x(ipl4>i + ^2^2) 
Vip,(fi G % with tp = (ipi,ip 2 ), <P = (<h.,_<h)- 

We define now d = -^(di — 162)-, d = ^(di + In ([3]), D is the unbounded Euclidean 

self-adjoint Dirac operator D = —ia^d^, densely defined on Dom(D) = {T> L 2 (g) C 2 ) C fi, where 
the cr^'s verify o^o v + a p cr^ = 25^ u , V/i, v = 1,2 and span an irreducible representation of 
Cl(M?,5) (5 is the Euclidean metric). One can write 

1\ „ 2 _/0 i\ D = _ iV ~ 2 fO 8 



1 oj ' " \-» oy ' " V 9 

The algebra .A can be represented faithfully on B(H), the space of bounded operators on H. 
The representation ir : A — > B(H) is defined by 

7r(o) = L(a) ® I2, Tr(a)ip = (a*ipi,a* ^2), V^ = (^i,^)e?{, Va G i. 

Here, L(a) is the left multiplication operator by any a£i and vr(a) and [D,7r(a)] are bounded 
operators on % for any a£i. 7r(a) G B{T~L) stems from ||a*6||2 < | |a| I2I HI2 for any o, b G L 2 (IR 2 ). 

[25,7r(a)] C follows from ||[£>,7r(a)]|| op = \/2max(||L(9a)|| p, | |L(<9a)| | op ) (see equa- 

tion ([9]) below) and A C L 2 (IR 2 ). Note that in the present version of non compact spectral 
triple, Tv(a)(D — A)" 1 is compact for any A ^ Sp (D) [18] while for a canonical compact spectral 
triple, D has compact resolvent. 

Remark 2. Notice that, in view of the inclusion property given in ii) of Proposition [3j one has 
7r(o) G B(H) and [D,ir(a)] G B(H) for any ae4 
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2.2 Spectral distance on the Moyal plane 

It is known that the notion of spectral distance is related naturally to the notion of spectral 
triple. For general reviews on noncommutative spectral geometry and related notion of spectral 
distance, see e.g. [HE]. So far, relatively few works devoted to the explicit study of the spectral 
distance and including explicit determination of spectral distance formula have appeared in 
the literature. Among these works, the first one focused on lattice geometries [U \10\ 111] , 
followed by studies inspired by theoretical physics and dealing with other simple noncommutative 
geometries [El CE3 031 ESj . 

Definition 1. The spectral distance between any two states oj\ and C02 of A is defined by 



where || • || op is the operator norm for the representation of A in 8(71). 

For convenience, we set the following notation: 
Definition 2. We define By := {a G A / ||[Z>,7r(a)]|| op < l}- 

Remark 3. One can check that (J2|) obeys the defining mathematical properties for a distance 
although infinite values are now allowed for d(u)i, (*)%). The spectral distance between pure 
states can be viewed as a natural noncommutative analog of the geodesic distance between 
two points. Indeed, recall that the spectral distance for the (commutative) canonical spectral 
triple reproducing the geometry of finite dimensional compact connected Riemann spin manifold 
coincides with the related geodesic distance [TJ [3] . Note that extends the notion of distance 
to non-pure states, i.e. objects that are not analog to points. The actual "interpretation" 
of the spectral distance between two non pure states is not quite clear at the present time. 
Mathematical investigation reported in [8] has indicated that the determination of the spectral 
distance between pure states is not enough to exhaust the full metric information involved 
in Notice that a relationship with the Wasserstein distance of order 1 between probability 
distributions on a metric space and the spectral distance has been exhibited recently in [7]. 

So far, the only few available explicit computations of spectral distance formula have been 
performed within "relatively simple" noncommutative geometries, namely almost commutative 
geometries, lattice geometries and finite-dimensional noncommutative algebras, in which the 
main technical aspects involved in the construction of the distance formula can be dealt with. 
However, the extension to even slightly more sophisticated noncommutative spaces was soon 
realized to be out of reach in the absence of suitable simplifying reformulation that would allow 
the increasing technical difficulties to be still mastered. It turns out that such a simplification 
can be performed within the Moyal plane by using the matrix base, i) of Proposition (2J thanks 
to the Frechet algebra isomorphism it defines between A and the matrix algebra of rapidly 
decreasing sequences as given in ii) of Proposition [2j This permits one to actually compute 
a spectral distance formula between any two elements of a particular class of pure states. 

The C*-completion of A relative to the operator norm is denoted by A. The determination 
of the pure states of A can be done conveniently by exploiting some properties of the matrix 
base. The starting point is the observation is that any of the vector states defined by any 
element f mn of the matrix base of Proposition [2] depends only on the first index m € N, thanks 
to the relations ([2]) and that A can be actually interpreted as an algebra of compact operators 
acting on some Hilbert space. Then, the following property follows: 




(4) 
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Proposition 4. The pure states of A are the vector states uj^ : A — > C defined by any unit 
vector tp G L 2 (IR 2 ) of the form tp = ^ meN ^ m /mO, EmeN IV'ml 2 = 5^5 anrf one ^ as 

uty(a) = ((-0,0), 7r(a) (^,0)) = 2ir6 ^ tp^ip n a m n- 

m,nSN 

Proof. Let %o be the Hilbert space spanned by the family (/ m o)meN- For any a = Ylm n a mnfmn 
G A, one has ^ p ||L(a)/po||l = Spml a pm| 2 = Il a ll2 < 00 ■ Then, L(a) is a Hilbert-Schmidt 
operator on "Ho and therefore is compact on Hq. Let ttq be this representation of A on %o and 
7ro(^4) be the completion of ttq(A). One has 7ro(^4) C K,{T-Lq). ttq{A) involves all finite rank 
operators. Then no(A) 2 1C(Hq) and so ttq{A) = JC(T-Lq). This latter has a unique irreducible 
representation (up to unitary equivalence) and the corresponding pure states are exactly given 
by vectors states defined by any unit vector ip = ^meN^m/mO £ %o- ^ 

To study the spectral distance as given in Definition [IJ we need to characterize conveniently 
the set B\, Definition [2j This can be achieved by exploiting algebraic relations among the 
coefficients of the expansion in the matrix base of any a and da and da. The relevant features 
are summarized in the following proposition. 

Proposition 5. 

i) The f mn 's and their derivatives satisfy: 



n j m + 1 

&Jmn — \ n Jm,n—X \ n Jm+l,nj 



9 fmn = J -jfm-\,n ~ \l „ /m,n+l, Vm,nGN. (5) 

U) For any a G A, a = Y^rn,n Amnfmn, We define da = J2rn,n a mnfmn and Ba = Y^m,n Pmnfmn- 

a) The following relations hold: 



I n + 1 / m + 1 

a m+l,n = \j J. — Ura+l,n+l " 



n + 1 

ao,n = \/ fl Qo,n+i> Vm,n G N, (6) 



j m + 1 n + l 

Pm,n+1 — \j 2i ^m+l,n+l \/ 7] "771,71; 



/ _(_ ^ 

Pm,0 = \ — ~ n — %+l,0, Vm, n G N. (7) 



b) One has the inversion formula: 

-k,q- 

\Jp - k + y/q — k 



min (P.9) o 

S m a ,o + Ve £ ^^T^=T^ ' Vp, 9 GN, p + g>0. (8) 

k=0 



Proof. The proof of the property i) is a standard calculation. The property iia) follows from ([5|) 
of i) and a simple calculation. To prove iib), one combines © and (J7J) to obtain 

Op+1,9+1 — a p,q + V (7 ■ 
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This yields by induction 

( p-i 



b v-q 



/77 a p-k,q~k-l + Pp~k-l,q-k 
ao,q- P + VV}^ rr. r , 7= r if < p < 



^p-k + y/q-k 
/7J a p-k,p-k-l i Pp-k-l,p-k 

a o,o + v y 2^ — 

fc=0 



2y/p~^k 



q-l 



"p-q 



k=0 



CVp—k,q—k—l ~\~ Pp—k—X,q—k 

y/p—k + y/q — k 



if < p = g, 



if < g < p. 



Then, a further use of the second relations for ao,n and /?o,n hi ([6]) and ([7]) gives rise to iib). ■ 

The condition defining £>i, Definition [2] can be translated into constraints on the coefficients 
the expansion of da and da in the matrix base. Indeed, observe that for any tp G H = L 2 ( 
L 2 (R 2 ), tp = (991,992), one has 



[D, n(a)]ip = -i(L(dfj,a) ® a^ip = -i\p2 



da * 992 
da * 991 



iy/2 



L(da) \ (<p 2 
L(da)J Uj 



This implies 

\\[D,7T(a) 

and therefore 
\\[D,ir(a) 



|op 



v / 2max(||L(aa)|| op , ||L(9a)|| op ) = \/2max(||da|| op , ||<9a|| op ) 



lop < 1 Pa|| op < -j= and pa|| op < 



(9) 



The following definition fixes the notation that will be used in this section. 
Definition 3. We denote by u m the pure state generated by the unit vector „ / m o, Vm G N. 

V 27TO 

For any a = Y, m n a mnfmn e A, one has u m (a) = a mm . 



We now prove a lemma that will permit us to actually determine the distance between any 
pure states uj m introduced in Definition [3l 

Lemma 1. We set da = J2m,n a mnfmn and da = Ylm,n Pmnfmn, for any a £ A and any unit 

vector 99 = J2m,n Vmnfmn S L 2 (R 2 ). 

i) Assume that ||[D,7r(a)]|| op < 1. Then, the following property (*P) holds: 



OP) ^2\a mp \\ip P n\ < —? 



2Vvr6 



and 



y^lPmpWVpn] < — F=, V99G^ , 



if) If holds, then \a mn \ < and |/3 mn | < Vm,n G N. 

ra) .For any radial function a £ A (i.e. a mn = i/m 7^ n), ||[Z),7r(a)]|| op < 1 is equivalent 
to \a mn \ < ^= and \ f3 mn \ <^,Vm,n6 N. 

iv) Let a(m ) := Y. p , q em «pg( m o)/ Pg , waere a pq (m ) = b~ pq ^J\ Y7k=p ™^ -^ xed m ° E N ' 

Ze£ .4+ denotes the set of positive elements of A. Then, a(mo) G A+ and \\[D, 7r(a(mo))]|| p = 1 
/or any mo G N. 
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Proof. If ||[Z),7r(a)]|| p < 1, then ||5a|| op < -j= and ||da|| op < 4=. Using the matrix base, 
a standard calculation yields, for any ip G Hq, ||9a*<^||| = 2Tr9J2 mn I Ylp a mp<£pn\ 2 ■ Owing to 
the definition of ||(9a|| op , one obtains immediately J2 mn | ^pOtmp^pn] 2 < 4^ for any ip G Ho 
witn E ni) « lvw| 2 = ^g- This implies 

|y^a mp ^p n < — =, V> G % , IMh = 1, Vm,nGN (10) 

together with a similar relation stemming from ||9a|| p with the a mn 's replaced by f3 mn . 

Now, I J2 P a mp l Ppn\ < 2 v^e holds true for any 93 G %q with ||<£>||2 = 1 and one can construct (p 
with \ \(p\\ 2 = \ \pW2 via a mp p pn = \a mp \\ip pn \. Then, this implies 

^ |«mp||ypn| < — -p=, V> G % , ||<p|| 2 = l, Vm,nGN. (11) 
2v vrc' 



Notice that (jll|) implies (jlOp . Similar considerations apply for the /3 mn 's. This terminates the 
proof for property i). The property ii) is then a direct consequence of the property 

To prove to), one has just to prove that any radial function a such that \a mn \ < A= and 

\Pmn\ < ^, Vm,n £ N is in B\. One first observe that if a is radial, one has a mn = if 
m ^ n + 1 thanks to ©. Then, for any unit vector ip G Ho, one has 

, 2 

||da*^||2 = 2%0y~*\y~* j a pr ip rq = 2-kO ^ |a PiP _iV> p _i ;(? | 2 < 7r6* ^ |-0 pg | 2 (12) 

P,<2 r p,<? p,geN 

so that 1 1 da 1 1 op < \ showing that a is in B\. Similar considerations apply for /3 mn . The proper- 
ty Hi) is shown. 

To prove that fi(mo) G A defines a positive operator of B(H) for any fixed mo G N, one 
has to show the following inequality (ip,ir(a(mo))ip) > 0, M ip G H, for any fixed mo G N. Set 
V> = (ipt,(p 2 ), (fi G L 2 (M 2 ), i = 1, 2 and ^ = Sm,neN <Pmnfmn- A simple calculation yields 

{<Pi,a(mo) *&) = 2vr6»y- ^ |^ n | 2 I ^ — === J , 

rn<niQ,n \k=m / 

and therefore, ((pi,a(mo)*(pi) > 0, implying (ip,7r(a(mo))ip) = X^=i(<A> a ( m o)*^«) > 0, so that 
a(mo) G -4+ for any fixed mo G N. 

Finally, notice that any positive element a G A.+ verifies a) = a so that (day = da. Then, one 
obtains from ([9]): ||[£),7r(a)]|| op = v2||<9a|| op . Now, by using iia) of Proposition [5j a standard 
calculation shows that the only non-vanishing coefficients a pq in the matrix base expansion of 
da(mo) satisfy a p +i, p = — < p < mo, for any fixed ?tiq G N. From the very definition 

of II • || p, one infers that ||<9a(mo)|| p = "^j ( use ^ or histance (|12p ). Therefore, one obtains 
1 1 [D, 7r(a(mo))]| | op = 1 for any mo G N. This proves iv). ■ 

A further use of Lemma Q] combined with the definition of the spectral distance then permits 
one to determine the actual expression of the distance between two pure states oj m and uj n . 

Theorem 1. The spectral distance between any two pure states uj m and uj n is 
[0 m 1 

d(w m ,w„) = a/ - ^2 ~7r' Vm, nGN, n < m. (13) 

k=n+l 

It verifies the "triangular equality" 

d(co m ,uj n ) = d(oj m ,oj p ) + d(ujp,u} n ), \fm,n,p G N, m < p < n. (14) 
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Proof. As a consequence of Proposition [51 one can write immediately 



Oi n +l,n 



n + 1 



( a n+l,n+l — a n,n) 



n + 1 



LO n+1 (a) - uj n (a)), 



Vn G N. 



Then, the use of property ii) of Lemma Q] implies that, for any a G B\, one has \u) n+ i(a) — 
Wn(a))| < y/|— L=, Vn G N so that d(oj n +i,u; n ) < Y^f Vn+i ' ^ n ^ ^' This bound is obviously 

saturated by the radial element a(n) = y^ -^= f nn G Si as it can be immediately realized by 
direct calculation and using the fact that the coefficients a pq in the matrix base expansion of 
da(n) satisfy \a pq \ < Therefore, 



1 



Vn G N. 



2 Vn+T' 

Now, from the general triangular inequality obeyed by the spectral distance, one must have: 

m— 1 



(15) 



d(u m ,u n ) < ^2 d(u kl uj k+1 ) 



Vm, n G N, 



k=n 



assuming for convenience n < m (similar consideration obviously holds for the case m < n) . The 
upper bound is indeed saturated by any element a(mo), tuq > n which belongs to B\. Consider 
\uj m (a(mo)) — a; n ,(a(mo)))|, n < m < ttiq. A direct calculation yields 



|w m (a(m )) - u n (a(m )))\ 



m m 

T — v 1 



k=m 
m—l 



q tit,— a. ^ m—l 



where (fT?|) has been used to obtain the rightmost equality. Therefore, d(u} m ,u) n ) satisfies (fH|) . 
i.e. the expected triangular inequality becomes an equality. The relation f)13|) follows immediately 
from (|14p by using (|15p. This terminates the proof of the theorem. ■ 



3 Discussion 



3.1 Consequences of the distance formula 

We first note that another non compact spectral triple based on A' = (T>i2 , *) has been proposed 
and discussed in [18]. We do not expect that a similar analysis of the spectral distance based 
on this other non compact spectral triple would noticeably alter the observations reported in 
this paper. Note that a part of our analysis obviously extends to T> L 2 whenever only square 
integrable functions are involved. 

We have shown in Theoremdl equation (fT^) that d(uj m ,uj n ) = d(uj m ,ujp) + d(w p ,u; n ), for any 
m,n,p G N, m < p < n, i.e. the triangular inequality becomes a triangular equality. This, 
together with a possible relation between the family of radial functions a(mo) defined in iv) of 
Lemma [1] and a deformation of the positive real line of the Moyal plane has been investigated 
in [22]. 

There are states at infinite distance [22]. To see that, the starting point is to use the radial 
element a(mo) introduced above to determine a lower bound on the spectral distance between 
pure states given by Proposition H] and then show that the bound becomes infinite when specific 
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states are involved. To prepare the ensuing discussion, recall that for any unit vectors of L 2 (IR 2 ), 
i 1 = SmeN^m/mO and V' = EmeN^m/mO, one infers from Proposition H that 

up (a) - uty(a) = 2tt6 ^ a mn {^'^i\)' n - V> m V>n), 

m,nSN 

for any a € A. Since o(mo) belongs to B\ for any tuq G N, in view of if) of Lemma [TJ it follows 
from the definition Q] that the following inequality holds immediately 



B(m ; ip,ip') := |w^(a(m )) - kty(a(m ))| < d(aty,w^), V?n GN. 
By using the explicit expression of o(mo), one obtains easily 

mo mo 



m=0 fc=m 

It is convenient here to introduce some notations. 



Vm G N. 



(16) 



(17) 



Definition 4. Let if)(s) be a family of unit vectors of L (R ) which is defined by VK 5 ) := 

7^ SmeN J c(s)(L+iy zf m0 for any s G R ' s > 1; wnere C( s ) is tne Riemann zeta function. The 
corresponding family of pure states are denoted by u)m 8 \, for any s £ 1, s > 1, with ojm 8 \ as in 
Proposition HI 

The following property holds. 

Proposition 6. d(oj n , kW s )) = +oo, Vs G ]1, |], VijGN. 

Proof. First pick ^ = -y=f 00 ■= Assume that ip' = ^(s). From (fT7|) . one obtains 



mo mo . -. mo 1 

v v — - V 1 



m=0 k=m v '" ' " 3 v ' v 7 fc=0 

By splitting the sum over A; involved in the first term (namely, "J2T=m = Sfc^o ~~ SfcLo"); this 
latter expression can be written as 



B(m ;ip ,ip(s)) 



' -y m \ / mo . \ 



j mo m 



m=0 fc=0 



(18) 



From (fT8|h one observes that B(mo;ipQ,ip(s)) has the form B(mo;^o,^(s)) = y ||Ai(mo) + 
^(^o)! where Ai(mo) and A2( m o) are positive terms. By further observing that 



mo m j 

:(m0):= Cw££(" + i>V^TT 



- m m+1 , 2 m ° 



Vm + l - 1) 



C( S ) nfi (m+l) s V^ ~ CM (^+1) S ' 

3 v ' m=0 fc=l v ' v v y m=0 

where we used X^fc^i 1 ^ — 2(V m + 2 — 1) (see equation ([25]) of the appendix), ^(mo) is 
bounded below by a quantity which is divergent when mo goes to +00 whenever when s < | 
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(owing to the property of the ( function), one therefore concludes that lim ^(mo) = +00. 

mo->+oo 

This implies lim B(mo;ipo,ijj(s)) = +00. Finally, this, combined to the inequality (fTB]) . gives 

mo— >+oo 

rise to d(wo,tow s )) = +00, Vs g]1, §]. 

Using this result, together with the triangular inequality d(wo) ^(s)) < d(uJo, u! n )+d(co n , kW s )), 
for any n £ N, and the fact that d(uo,uj n ) is finite, in view of (fl"3|) . yields d(u n ,u^,^) = +00, 
Vs G ]1, 1], for any n G N. This terminates the proof. ■ 

It turns out that the distance between states among the u^r^'s is infinite. Indeed, the following 
proposition holds. 

Proposition 7. d{u^ Sl) , u^ S2) ) = +00, Vsi,s 2 G]l, |[U]|, |], si / s 2 . 

Proof. The proof is given in the appendix. It is based on the use of the mean value theorem 
to obtain a suitable estimate of the factor (IV^I 2 — l^ml 2 ) occurring in (fTT|) . where tfj m and ip' m 
are related to ip(si) and ^(52). ■ 

Proposition [6] shows that the topology induced by the spectral distance d on the space of 
states of A is not the weak * topology. Having weak * topology as topology of the spectral 
distance on the space of states is a basic condition to have compact quantum metric spaces 
as defined in |21j . Therefore, Proposition [6] signals that the spectral triple proposed in [18] is 
not a compact quantum metric space in the sense of [21] , Modifications of this spectral triple 
reinstauring the property of compact quantum metric space have been considered in |22] . 




Remark 4. Notice that any pure state generated by a unit vector of L 2 (M 2 ) built from a finite 
linear combination of the / m o's stays at finite distance of any pure state uj n . Indeed, let X be 
a finite subset of N and let A = X^meXcN ^mfmo denotes a unit vector of L 2 (]R 2 ). Then d(u: n , u\) 
is finite, for any n G N. This stems from 

\u A (a) - u n (a)\ = 

l^nn |< ^2 \a pq \ + 2-Ke\a nn \, (19) 

p,q&T 

which holds for any n £ N, and any a £ A. In view of iib) of Proposition [5j (|8|), the a mn 's are 
expressible as finite sums of a mn and B mn . Furthermore, in view of ii) of Lemma[H \a mn \ < -7= 

and \P mn \ < -y=- Therefore, the right hand side of (fT9|) is bounded. 

Remark 5. For any states ui and L02, we denote by the symbol ~ the equivalence relation 
u\ « ui 2 <^=^ d{oji,uj2) < +00. [uj] denotes the equivalence class of uj. Propositions [6] and El 
Remark H] permit one to identify several equivalence classes. Theorem [1] implies that [ui n ] = [wo], 
Vn G N. From Remark HI we obtains [uj\] = [ujo]i where A has been defined in Remark [H From 
Propositions [6] and El [oty( ai )] + [ujq], Vsi g]1, |], and [uJ^ sl )] / [^( S2 )], Vsi,s 2 G ]1, f[U]§, |], 
si 7^ S2- Therefore, one has a uncountable infinite family of equivalence classes. The existence 
of several distinct equivalent classes implies that there is no state that is at finite distance to all 
other states: For any (pure or non pure) state, there is at least another state which is at infinite 
distance. 



3.2 Partial extension to the noncommutative torus 



It turns out that some part of the analysis presented in Section [5] and in particular the technical 
lemma given in Subsection 12.21 which underlies the construction of the spectral distance formula 



12 



E. Cagnache and J.-C. Wallet 



in the Moyal case, can be actually adapted to the algebra of the noncommutative torus. This 
gives rise immediately to the construction of an explicit spectral distance formula between the 
tracial state and some vector states. We first collect the properties of the noncommutative torus 
that will be needed in the sequel. For more details, see [271 12H] and [H [21 [3l H] . We assume 
6 G R/Q, < 6 < 1. 

Definition 5. 2lJ is the universal (unital) C*-algebra generated by the two unitaries u±, U2 
satisfying u\U2 = e l2nS U2Ui. The algebra of the noncommutative torus T 2 , is the dense (unital) 
pre-C*-subalgebra of 21 2 , defined by: 

T 2 = J a = ^ a ljU \ui I sup (l + i 2 + j 2 ) k \a i:j \ 2 < oo, Vfe G N I. 

The elements of T 2 , can be conveniently expressed as expansions in terms of the Weyl gen- 
erators defined by U M = e"^ 1 ^ 2 ^^™ 2 , VM = (m 1 ,m 2 ) G Z 2 . For any a G T 2 , one can 
write a = X^mgz 2 a MU M . From now on, elements of Z 2 (resp. Z) will be denoted by capital 
(resp. small) Latin letters M, N, . . . (resp. m, n, . . . ) . Let <5i and 62 be the canonical derivations 
defined by 5 a (u b ) = i27ru a 5 ab , Va, b G {1,2}. They verify 5 b (a*) = (5 b (a))* , V6= 1,2. 

Proposition 8. One has for any M, N G 1? , (U M )* = U~ M , U M U N = a(M,N)U M+N where 
the commutation factor a : 1? x Z 2 — > C satisfies 

a(M + N,P) = a(M, P)a{N, P), 

a(M,N + P) = a(M,N)a{M,P), VM,N,P G Z 2 , 

a(M,±M) = l, VA/GZ 2 , 5 a (U M ) = i2Trm a U M , Va = l,2, VA/gZ 2 . 
Proof. The above properties can be proven by standard calculations. ■ 
Let r denotes the tracial state [H 0]. For any a = X^Mez 2 

a M U M G T 2 , r : T 2 -»• C, 

r(a) = ao,o- Let T~L T denotes the GNS Hilbert space stemming from the completion of T 2 , in the 
Hilbert norm induced by the scalar product (a, b) = r(a*b). One has T(S b (a)) = 0, V6 = 1,2. 
The (compact) even real spectral triple we will consider is built from 

(T 2 ,H,D;J,T), (20) 

whose main properties that will be needed as collected below. For more details, see e.g. [HH] and 
references therein. Note that the grading operator T is T = diag (1, —1). The reality operator J 
will not enter the ensuing discussion. 

The Hilbert space is l-L = n T (g>C 2 . It is the Hilbert space of square integrable sections of the 
trivial spinor bundle over the classical torus. Notice that Dom(5 b ) = T 2 , and 5\ = —5 b , V6 = 1,2, 
in view of (6b(a),c) = T((5 b (a)*c) = T(5 b (a*)c) = —T(a*5 b (c)) = — (a, 5&(c)) for any b = 1,2 and 
5 b (a*) = (5 b (a))* . We now define 6 = 81 + i5 2 and 5 = 8% — 182- 

In ([20]) . D is the unbounded self-adjoint Dirac operator D = —iYlt=i 8b®o- b , densely defined 
on Dom(D) = (T 2 , <8) C 2 ) C T~L. The matrices a b , b = 1,2, have been defined in Section [2l D can 
be written as 

'0 8 
J 



D 



The faithful representation tt : T 2 , — > B{T~L) is defined by it (a) = L(a) <S> I2, Tr(a)ip = (m/>i, cm/^) 
for any tp = (ipi,ip2) G H, and any a G T 2 ,. L(a) is the left multiplication operator by any 
a G T 2 ,. 7r(a) and [D,ir(a)] are bounded operators on 7~L for any T 2 ,. One has 

[DMaM = - l (L(S b (a))0a b )^ = - i ^ a)) . (21) 

The C*-completion of is (isomorphic to) 2lJ. 
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The definition of the spectral distance between states of the torus can be immediately ob- 
tained from Definition [TJ A classification of the pure states of the noncommutative torus in 
the irrational case is lacking. It is however possible to obtain some information on the distance 
between any of the particular vector states as defined below and the tracial state. 

In the present case, the set B±, Definition [2] can be conveniently characterized in a way 
somewhat similar to the case of Moyal planes by the following lemma. 

Lemma 2. Set 5(a) = X^jvez 2 °-nU n . One has = i2it(ni + in2)ajy, V N = (ni,ri2) G 1? . 

i) For any a G Si, ||[£),7r(a)]|| p < 1 implies |ayv| < 1, ViV G Z 2 . Similar results hold 
for 5(a). 

ii) The elements a M = 27r(n g+ ima) verify \\[D,Tr(a M )]\\ op = 1, VM = (mi,m 2 ) G I?, M / 
(0,0). 

Proof. The relation involving is obtained from an elementary calculation. Then Va G B±, 
||[Z?,7r(a)]|| p < 1 is equivalent to ||5(a)|| p < 1 and ||<5(a)|| p < 1 in view of (|2Tj) , For any a G 21 2 , 
and any unit tp = YjN&? ^nU n G H t , one has | \5(a)ip\ | 2 = YLn^t? I Epgz 2 a P ip N ^ P a(P, N)\ 2 . 
Then ||<5(a)|| p < 1 implies | Xlpez 2 a P'4 , N-po~(P, N)\ < 1, for any N £l? and any unit tp G 
By a straightforward adaptation of the proof carried out for ii) of LemmalU this implies \olm\ < 
1, VM G Z 2 . This proves i). Finally, ii) stems simply from an elementary calculation. ■ 

We now determine the distance between the states mentioned above. 

Proposition 9. Let the family of unit vectors $ M = (^t^-j ) £ VM G I?, M / (0,0) 
generating the family of vector states of T 2 , 

cu$ M : T 2 ^C, w$ M (a) = ($ A /,7r(a)$ A/ ) w = + C/ M ), (a + aC/ M )). 

T/ze spectral distance between any state w$ A/ and t/je tracial state is 

d(u* M ,T) = — —. r , VM = ( mil m 2 )eZ 2 , M ^ (0,0). (22) 

Proof. Set a = X^TVez 2 o-nU n ■ By using properties of the Weyl generators, an elementary cal- 
culation yields w$ M (a) = r(a) + |(om + o~m)- This, combined with Lemma[2]leads immediately 
to d(oj$ M ,r) < 27r , 1+ j ma i ■ Now, this upper bound is obviously saturated by the element a M of 
Lemma [2 The result (|22[) follows. ■ 

4 Conclusion 

We have studied the spectral distance for two-dimensional noncommutative Moyal planes in the 
framework of the non compact spectral triple proposed in [18] as a possible noncommutative 
analog of non compact Riemannian spin manifold. The spectral distance can be explicitly 
determined between any elements of a particular class of pure states. An explicit formula for 
the corresponding distance has been given. There exists a family of pure states that are at 
infinite distance from each other as well as at infinite distance from some classes of pure states, 
including those for which the constructed spectral distance formula is valid. The fact that the 
spectral distance can be used here to define an equivalence relation among (pure) states is briefly 
discussed. Note that for any state, there is at least another state which is at infinite distance 
from it. The existence of some pure states that are at infinite distance implies that the topology 
induced by the spectral distance on the space of states of the algebra involved in the triple is not 
the weak * topology. Therefore, the noncompact spectral triple proposed in [18] does not give 
rise to a compact quantum metric spaces as defined in [21]. The case of the noncommutative 
torus is briefly considered and a formula for the spectral distance between the tracial state and 
some vector states is obtained. 
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A Proof of Proposition [7] 

In this appendix, we give a detailed proof of Proposition 

Proof. Let us assume s\ < S2, with Sj e]1, |], i = 1,2 according to Section^ The analysis for 
the case S2 < si is completely similar. It is convenient here to define additional notations. The 
other notations have been already defined in Section [3j 

Definition 6. For 1 < si < S2 < |, < m < uiq, m,mo E N, we set: 

mo 1 / 1 1 

u(m,mo) := > , G S1 S9 (m) := I — — — — — — ; — 

^Vk + T U2K ' VC(si)(m + l) Sl C(s 2 )(m + 1)^ 

We now prove some estimates that will be needed in the ensuing analysis. 
Proposition 10. The following estimates hold: 

™-0 



(V™o + 2 - Vm + 1) < - V 



1^ VfcTT 

k=m 



< (\/mo + 1 — Vm,mo £N, m < mo, (23) 



i i r --n V — 

(A + l)*- 1 (m + 2)^i- (S >Z^ A ( m + l) 



1 

(I) s i (m + 1 

where A G N, A < niQ. 



<77^T- - . V* €]!,§], (24) 



Proof. The application of the mean value theorem to the function f{x) = x a , a G R, Vx G 
[fc,Hl], VfcGN gives rise to: 

ak a ~ l > (k + l) a — k a > a(k + l) a_1 , Va€]0,l], fc 7^ 0, (25) 
afc 0-1 < (k + l) a - k a < a(k + l) a ~\ Va<0, k ^ 0. (26) 

Set respectively a = ^ and a = 1 — s, 1 < s < | in (f25j) and (f26]) . Proposition PTOl follows. ■ 

Let u n and v n be two sequences. We define some notations. We set: v n = 0(u n ) if 3 C > 0, 
/ Vn G N, \v n \ < C\u n \, and v n = o(u n ) if Ve > 0, 3N G N, / Vn > N, \v n \ < e\u n \. Recall 
that for any G N, u n / 0, v n = 0{u n ) means that, as n approaches the infinity, ^ is bounded 
while v n = o(u n ) means that — — > 0. We further recall that if v n = 0(u n ) and the serie 
Ylk=o \ v n\ 00, as n 00, then Ylk=o \ u ^\ ~> 00 an d Ylk=o W = ® (Sfc=o \ u ™\) as n 00. 
Similarly, if v n = 0{u n ) and the serie ^fc=o l n «l ^ s convergent as n — > 00, then X}fc=o an< ^ 
the rests verify YlT=n \ v ^\ = O (YlT=n \ u n\) as n — )• 00. A similar property holds for v n = o(u n ). 

Now, by using (]17p and Definition [H one obtains 



-B(m ;?/>(si),V>(s2)) 



^ u(m,m )G sljS2 (m) 



m=0 



(27) 



We define M with the following condition: G SltS2 (m) < when < m < M and G Sl)S2 {m) > 
otherwise (M can be determined from the equation £(s2)(m + 1) S2 = £(si)(m + l) Sl ). 
Using E^ =0 G SljS2 (m) = 0, we define (for m > M) 



M 



B {m ,s 1 ,s 2 ) = ^] u(m,m )G sl>S2 (m), 



m=Q 
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m 

B + (m ,s 1 ,s 2 ) = Y n ( m ' m o)G' SliS2 (m), 

m=M+l 

oo M 

a= Y G sus 2 (m) = -J2G SuS2 (m) > 0. 

m=M+l m=0 

It is easy to observe that (|27p can be written as 

B(m ;ip(s 1 ),tp(s 2 )) = J- \B~(m , si, s 2 ) + £ + (m , si, s 2 )| . (28) 

To show that the limit of B(mo; ijj(si), ip(s 2 )) is equal to +oo as mo — > +oo, one has to compare 
the corresponding asymptotic behavior of the terms built from the series involved in (|28p . We 
first consider the first term B~ . By using the estimate ([23]) . one obtains 

M 

2 Y W™o + 1 - y/m)G 8l 

m=0 

M 

< B-{m ,s 1 ,s 2 ) <2^2 (Vmo + 2-Vm + l)G Sl , S2 (m), (29) 

m=0 



-2(Vm + l)a + Ci < B (m , si, s 2 ) < -2(Vm + 2)a + C 2 , 



where Ci and C 2 are constant. Then, it follows that B (mo, si, s 2 ) = — 2(- v /m_o + 2)a + 0(1) as 

mo — > +oo because of V m o + 2 — V m o + 1 = 0(mo~). 

Consider now B + . By using the estimate ([23]), one can write a relation similar to (129H : 

mo 

2 ^ (Vmo + 2-Vm + l)G SljS2 (m) 

m=M+l 

rrap 

< B + (m ,si,s 2 ) < 2 (Vmo + 1 - Vm)G sltS2 (m). 

m=M+l 

In this latter relation, the leftmost serie can be expressed as 
S L :=2 Y (Vm + 2 - Vm + l) G Sl , S2 (m) 

m=M+l 

(mo mp \ 

2 vW+2G sl , S2 (m)- ^ G si _i S2 _x(m) 
m=M+l m=M+l / 

(oo mo \ 

v^+2 Y Gs 1 , S2 (m)+ Yl G s 1 -±,s 2 -±( m ) • 
m=m m=M+l ) 

As m approaches the infinity, one has G i i (m) = r + O ( — I . The quantity 

Sl 2' S2 2 C(si)™ Sl ~2 \m s 2-2/ 

Sm=iW+i ^si-l S2-- ( m ) * s therefore a diverging serie as mo approaches the infinity ( Sj — \ < 1, 
i = 1,2) and 

m mo 1 / mo -. \ 

T G s i i(m)= V -+0 V — 

i=Af+l m=M+l ^\ s l) m 2 \m=M+l m V 



m=M+i 



1 3_„_ 3 



C(«i)(«i " §) 



■m, 
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where the last equality can be checked from ([23]) . Conversely, because of G sl)S2 (m) = ^ Sl y nS1 + 

O (=jsj) asm-) oo, the quantity Xlm=o G's liS2 (m) is a converging serie as mo approaches the 
infinity and we can compare the rests of this series: 



oo oo 1 / OO -. \ 

i=mo m=mo \ mo / 

= c( S i)L-i) ml ^ i+o{ml °~ S2) - 



From this, it follows that 



3 „. 3 



s L _ 2(v^ a - ^ + ^ j ™j- + ok-). 

A similar analysis can be carried out for the rightmost serie. We therefore can write 

2/1 1 \ ^ 

B + (m , si, s 2 ) = 2(Vmo + 2) a - — 7 -r + Tz) m o Sl +O(m 2 S2 ) 



2(v^+2)a - 2 ( _J^_J) ) m |-- + OK" 52 ), 



C(«i) V(ai-l)(ai-|) 



S (mo,si,s 2 ) + B + (m ,s 1 ,s 2 ) = -— ( - — ^ 2 ^ 3 ) m§ Sl + O(m 2 * 2 ). 



Therefore, S(mo;^(si),^(s 2 )) ->ooifjSi / § and d(u}^ Sl) , u}^ S2) ) = +oo,Vsi,s 2 G ]1, f[U]§, §], 
s\ ^ s 2 . This terminates the proof. ■ 



Remark 6. We notice that for s 2 7^ |, it can be shown that 

2 / (2si - -) \ '£ 

B~ (m , sx, s 2 ) + B + (m ,s 1 ,s 2 ) = 7 — 7— ^ — 3- 

C(*i) - l)(*i - §)/ 

5^ 



2 / (2£2-|) \ §-,, , |- S2 , 

From this, one obtains that d(aw sl ),aw S2 )) = +00, Vsi,s 2 G]l,|[, si 7^ s 2 . However, one 
cannot conclude for d{oj^sy cj^^). Therefore, either s = | or | must be removed from the set 
]1, |] in order to have a family of states for which the distance d(w^,( sl ),a;^,( S2 )) is known. 
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